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THEORY OP THE STATIC BALANCER.
Chapter I.
GENERAL C OSS IDERATIONS
.
Notwithstanding the fact that the general principles of the
M. von Dolivo-Drobolwolsky system (static Balancer) for obtaining
the electrical neutral on continuous current three wire systems are
well known, general expression on the part of a large number of eng-
ineers and the explanations of the system given in certain textbooks
indicate that the actual details of the working are much less well
known. Eor this reason a scientific statement of the underlying
theory is herein given, as explanatory of these principles and as
showing in what way the usual explanation is only approximately true.
At various times a great deal has been written on the gen-
eral subject of balancers as used on such three wire systems, and the
subject of static balancers has at periodically recurring intervals
received considerable consideration since its introduction by the
Allgemeine Elektrizitats Gesellschaft von Berlin in 1894. A list of
these articles is given in the bibliography at the end of this dis-
cussion. Should time be found to read them, they will not only prove
interesting in themselves, but also extremely illustrative of the
development of the balancer to its present form, i.e., a single phase
balance coil.
The static balancer may be simply explained as follows:
An ordinary two wire continuous current generator has a number n
of slip rings mounted on the shaft and connected to the armature
winding at intervals corresponding to 360/n electrical degrees. In
this feature the construction is entirely similar to that of the or-
dinary converter. An alternating potential is thus obtained between
each slip ring, which may be considered as the phase voltages of an
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ordinary alternating current system. Wow if the star point of the
alternating current system is obtained by means of choking coils, we
have the neutral point of the system as referred to the continuous
current voltage at the brushes. The parallel between this and the
common method of obtaining the neutral as the star point of a trans-
former bank feeding a converter on a three wire continuous current
system is easily recognized.
An understanding of the apparatus can be well obtained by
giving the usual explanation of its action. In this explanation Fig.
1 will be used and the theory developed on the basis of a simple bi-
s(8-
w
Fig. 1.
polar generator and single phase balancer.
The balance coil is connected by means of slip rings to the
armature (represented as a ring armature for the sake of convenience
and ease in handling) at the points G and D. As can be readily seen,
the windings and the connections of the machine are symmetrical.
V/hen the tap points C and D are directly under the brushes A and B,
the balance coil is exposed to the full direct current voltage. The
potential between the star point E and either side of the system is
then equal to that between the outside wires. At a time v/hen the tap
coils are 90 electrical degrees from the above points, C and D are
obviously at the same potential and the voltage between the neutral
and either side of the system is equal to that between A and D and
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B and C. Since these segments are symmetrical, "both with respect to
the brushes and to their position in the magnetic field, the voltages
generated in them are equal and the voltages between the neutral and
either side of the system are equal.
In any other position of the armature, the potential dif-
ference between E and A is the resultant of half the voltage of the
balance coil, and the voltage generated by the segment of the arm-
ature winding between D and A. In a similar manner, the voltage
between E and B is the resultant of that between E and C, and C and
B. The voltages generated in equal parts of the armature are equal,
that generated in segment A-D is equal to that generated in segment
B-0, and since E is the mid-point of the balance coil, the voltage
between E and D is always equal to that between E and G, so that the
voltage between E and A must always equal that between E and B, and,
therefore, E is the neutral point at all times.
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Chapter II.
GENERAL REQUIREMENTS OF STATIC BALANCERS.
Inasmuch as a general discussion of the three wire net work
or a discussion of the relative advantages of the different types of
three wire generators and balancing systems is far beyond the scope
of this thesis, we shall immediately proceed to a statement of the
mechanical requirements necessitated by the attachment of static
balancers to ordinary direct current generators. Should an extended
article on the relative advantages be required, reference is made to
the series of articles on balancing systems by Thomas Carter. ( See
bibliography)
.
The armature windings of a machine to be connected to a
static balancer need differ in no way from the ordinary direct current
armature windings, such as are used on rotary converters or dDuble
current generators. Obviously, however, the machines are not suit-
able for double current generators since the frequency of alternation
in ordinary engine driven direct current machines is usually ten to
twenty five cycles.
The only provision necessary is that the taps must be brot
out from the armature at the proper points and connected to slip
rings. The principles of connection are discussed in Chapter III of
this paper.
As is obvious from a consideration of the balancer (?ig. 2)
it is possible for the current to pass out of one brush set on the
machine and back into the machine without ever passing thru the com-
mutator a second time, in case one side of the circuit is open. This
property necessitates a special arrangement of series field and inter-
pole windings. One half of each winding must be connected to each
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electrical pole of the generator. The reason for this will he read-
ily understood.
First, in this sort of "balancing it is evidently the intent
to have the neutral half way between the two voltages of the gen-
erator. In order that this may he true, the resistance of each side
must he the same, and therefore such windings divided equally between
the two sides. Secondly, it might happen as in Pig. 2. that the total
load is on one side of the system. Then if all the series field
Sines Fsc U
Urttjiie
Fig. 2.
windings were on that side, there would be an overcompounding of the
voltage, providing it was level compounded for balanced operation,
and if these windings were not on that side, the machine would oper-
ate with a characteristic corresponding to that of the ordinary shunt
generator. If these windings are divided, such conditions will not
result and there would at all times be sufficient current thru the
interpole windings to maintain sparkless commutation.
This splitting of the windings, however, causes consider-
able difficulty in the arrangement of equalizer connections of such
dynamos, if run in parallel with other series field machines. Such
cases are common, not only of three wire machines but of two wire
dynamos feeding the outers only.
Since the use of such equalizers is standard practice, in
order to maintain efficient operation, it is evidently incorrect to
equalize the whole of the series field of one machine with only half
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of that of the other.
Actually as in Fig. 3. , two equalizers must "be used and in
these we have a danger of possible short circuit between the two
machines, which the protective devices usually placed in the par-
alleling buses will not take care of. Either automatic switch -ear
must be placed between the interpole windings and the equalizing
buses or there must be additional switch gears placed in the equal-
izing bus. This point is of course against the use of static bal-
ancers, but a slight amount of automatic switch gear, together with
proper consideration on the part of the station attendant of the
L o a A
Fig. 3.
relative characteristics of the paralleled machines, should serve to
obviate any difficulties.
A real disadvantage of the system is that there is no
method of independently regulating the voltage on the two sides of
the neutral. As will be shown in the complete discussion of the
theory, the static balancer gives approximately straight line under-
compounding of the system, altho in most cases the very small drop
in volts which takes place is not likely to be objectionable. In
case of long feeders with heavy unbalanced current, however, since
the static balancer must be near its machine, this drop may become
serious. In such cases the trouble can be removed by the introduc-
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tion of a middle wire booster such as is shown in Fig. 4. Evidently,
if we have a difference of 2x volts between voltages between the two
sides of the network and the neutral, if we have a middle wire boost-
er giving x volts boost, beyond the booster the voltages will be
equalized. Such a machine need not be placed near the balancer but
can be placed at any point in the system.*
X ro/ts
m +x (t s
Pig. 4.
For a complete discussion of the actual working and the
theory involved, reference is made to
"The Question of Voltage Distribution in Three Wire Contin-
uous Current Networks."
A Lauterer. Elektrotsc linik und I.Iaschinenbau.
July 20, 1913.
Some question may arise as to the necessity of synchroniz-
ing the alternating currents to two balancers operating in parallel,
but a little consideration of Fig. 3. should suffice to convince that
this is unnecessary, and that the difference of frequency has no
effect on the operation, since for all practical purposes the middle
* This scheme is entirely feasible, but is not to be rec-
ommended since it would necessarily be very costly. The 7estinghouse
Electric and Mfg. Co. are authority for the statement that such an
arrangement was required from them only once in ten years experience
in the sale of static balancers.
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wire is connected to points in the alternating current system between
which there is a steady difference of potential.
There is a third consideration, however, in the parallel-
ing of balancers, and this is that trouble is likely to arise unless
the out -of -balance current is fairly small as compared with the
current capacity of the smallest generator.
This discussion would be incomplete without reference to
some similar forms of balancers in use in practice. The General Elec-
tric Go. has been winding the coil C-D on a core mounted inside the
armature core, and the connection to the outside neutral wire is made
thru a single slip ring mounted on the shaft. Another method is in
Fig. 5,
vogue especially in the United States which, according to its
manufacturers, gives complete satisfaction as shown by re-orders. In
this case the neutral is obtained by an auxiliary winding placed in
the same slots as the armature winding. This winding has only half
the number of turns and so gives one-half of the normal direct current
voltage of the generator as its alternating maximum, so that if one
end is connected to the main armature winding, and the other is brot
out to a collector ring, it will form a true neutral for the three
wire system. (Pig. 5.) It is usual to use two such windings as
shown.
The chief difficulty arising from the use of such dynamos

\
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is the necessity of special armature construction in order that the
proper winding distribution may "be obtained, since the auxiliary
winding should have sufficient capacity to carry the total out-of-
balance current, which is usually not over ten percent of the total
rating of this maohine. It would seem, therefore, that this scheme
would have the disadvantages of requiring special design, making
winding repairs costly, increasing heating and making no provision
for an increase of unbalance.
The matter of design of the balance coil itself involves
much the same theory as the transformer coil design except the change
of constants necessitated by the change of frequency. Reference is
made to the following articles:
"Studies on Choking Coils." Derivation of Formulae.
;H. Sdler. Electrotechnik und Maschinenbau. September 21, 1913.
"Calculation of Choking Coils for Minimum Cost."
Elektrotechnische ^eitschrift. June 24, 1915.
It is necessary to take cognizance of the fact that the
winding on the choking coil must also carry the unbalanced direct
current and allowance must be made for the heating due thereto.
The question of the neutralization of the direct current
magnetization arises since the iron loss is materially increased if
attempt is made to work with a constant direct current magnetization.
It is unnecessary that all the different phases be on different cores,
so that for an even number n of slip rings, this magnetization can be
successfully neutralized by winding opposite phases on the same core.
In the case of three rings, however, some other method
must be adopted of which there are two possible. The first, due to
Steinmetz, is that the conductor from the neutral point to the middle
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wire should "be wound around each limb one-third of the number of
times that the alternating current passes around it, and in the oppo-
site direction to the alternating current winding. The three induced
emf ' s are equal and 120 degrees out of phase so that their resultant
sum is, except for third harmonics, zero. This arrangement has the
disadvantage that star point of the balancer may not be the neutral
point (see Chapter III) of the system.
The second arrangement consists in connecting the differ-
ent coils in the interconnected star scheme as is shown in Pig. 6.
However, in this case the alternating current reactance voltages are
at 60 degrees so that the resultant flux or amount of winding must be
increased in the ratio of 2f$5 or 1.15.
Fig. 6

Chapter IV
CONNECTIONS TO ARHA.TUHE WINDINGS.
Altho the proposition of armature connection for the alter-
nating current system involves no considerable mechanical difficul-
ties, there are several considerations in the matter of the electric-
I
al symme try, which must be attained, that are likely to cause trouble.
Mechanically, the tap leads may be either run into the back
end of the windings as in rotary converters, or as is the common
practice for continuous current generators, it is more simple to drill
and tap holes into the co .omutator bars into which the leads from the
collector rings may be screwed.
Electrically, however, in multiple wound armatures, the
rings must be connected to a number of points in the armature wind-
ings, so that the rings really act as additional armature equalizing
connections, and as such are liable to the same troubles and condi-
tions as equalizing connections. It will be readily seen, therefore,
that points of connection to the armature winding depend upon the
nature of this winding.
These windings will in general consist of: a pairs of
circuits between positive and negative brushes so arranged as to be
suitable to run in a field of p/ 2 pole pairs. Then each circuit con-
tains l/2a part of the armature current, and the a circuits can be
said to be in parallel.
* Each pair of circuits may be considered as more or less
independent windings, depending on the degree of reentrancy, and each
must be tapped for slip ring connections in order that the out of-
balance current may be taken equally from each of the a circuits, and
the heating of the armature more uniformly distributed. If a small
* Principles of Direct Current Machines, P. Langsdorf.
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difference of potential exists between points of tapping, a large
current will be caused to flow, causing sparking at the brushes, con-
siderable heating, and perhaps damage to the armature.
Possible unequal effif s in the various paths may be due to
a number of causes, such as :
1. The armature may not be exactly centered with respect
to the poles, or the poles may not be identical. This will apply to
lap windings only where each armature winding is under the influence
of one pole only.
2. The points of tapping nay not be symmetrically located
with respect to the winding.
The equalizing current which will flow can be minimized to
a great extent by striving for the greatest possible degree of elec-
trical and magnetic symmetry. The influence of the second factor de-
pends on the manufacturers of the machine, but the first is somewhat
dependent on the design of the armature winding.
In the case of the common closed double-layer windings with
two coil sides per slot, if S is the number of commutator bars and
p/ 2 the number of pole pairs, there will be as many identical circuit
pairs in the winding as the highest integral common divisor of S and
P/2.
Langsdorf shows that a general rule may be derived for the
degree of reentrancy (number of closings in the winding) in terms of
the commutator pitch Y and the number of commutator bars S. He de-
velops the general formula that the commutator pitch
Y = fS + a
P
where f is the field step of the windings elements in terms of the
number of single pole pitches included between their terminals.
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If, in this equation, the two sides have a oorarnon factor q,
we know that the original winding is made up of q independent wind-
ings, each of a/q independent circuits, and the winding is multiplex
and multiply reentrant of the qth degree. These independent circuits
may be treated as above and the same conditions of symmetry apply to
them.
It is necessary that we have equal voltages between rings
as well as equal circuit loading, if we would have the star point of
our symmetrical balance coils coincide with the electrical neutral.
In order that this may be true we must evidently have the 2-roups of
coils all alike and symmetrically situated with respect to the field.
The groups of coils will be all alike in number if K/na is an integer,
since there are K similar groups of coils in each a pairs of cir-
cuits. If this quotient is not integral there is likely to be trouble
experienced, especially if tungsten lamps are connected to the system
since variations of voltages of approximately three percent are
easily noticeable on tungsten lamps. The trouble likely to be ex-
perienced from this source increases rapidly with the number of
phases used. Herein lies an extremely valid argument for the use of
the single phase balancer as in such case it is only necessary that
K be an even number. The likelihood of trouble increases rapidly
when the value of n is three, four, or six. In the case of the
single phase balancer some slight departure from the true ideal may
be necessary, but this should be kept as small as possible. Evident-
ly the percent variation in voltage likely to result varies inversely
aS the number of phases used.
Vidmar in Elektrotechnik und Maschinenbau for December 3,
1911, investigates thoroly the three phase case similar to this and
shows how a small rotating emf is actually introduced into the neu-
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tral wire, sufficient to cause noticeable flickering of the lights
attached to the system at the low periodicities used.
He mathematically develops expressions for the voltage
fluctuations in percent in terms of the ratios of the number of coils
in the equal and unequal groups and suggests altering the number of
turns per limb of the balancer in such a way as to hold the neutral
and the star point coincident and gives mathematical expressions for
ascertaining the amount of alteration necessary. Evidently similar
reasoning can be applied to the vector diagrams for the single phase
case and the percent variation of the voltage and the alteration
necessary determined.
Obviously the best method to follow is to use such a form
of balancer as will avoid trouble and the best solution of this
problem seems to be the single phase balancer. If necessary to have
unequal grouping, as may be the case in attaching balancers to old
machines, the best solution is to depart from the ideal grouping as
little as possible.

15.
Chapter IV.
BISCTJSSIOH OF THEORY.
The general purpose of this theoretical discussion is to
develop a concise and correct idea of the physical phenomena involved,
rather than to arrive at literal formulae which would be of use to
the designer, as these formulae become too complicated to be of ad-
vantage in ordinary practice.
Since this is true, development will be made upon certain
assumptions, v/hich will not to any extent invalidate the correctness
of the conclusions as generally applied. Firstly, a sine wave of
induced emf will be assumed for the alternating current system. Sec-
ondly, the theory v/ill be developed for the two ring balancer, since
the development of the literal expressions for the n ring system
would involve too great a complication and would at times become
rather unwieldy. However, at each step of the development, the con-
nection between the general n ring formulae and the single phase
formulae will be shown, and the modifications necessary for n ring
application will be indicated. Furthermore, for the sake of simplic-
ity the discussion will be confined to 360 electrical degrees of the
armature periphery.
In order that the development may be clearly followed, a
general outline of the method will be given so that its trend may not
be lost sight of in the ramifications coincident with the development
of the more detailed expressions.
The general procedure will be as follows. There are really
three separate current systems in the network as shown in Fig. 8.
,
which may be described as follows:
System (a) The direct current I, of equal value on both
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sides of the network and passing thru the generator in the same
manner as the ordinary direct current generator.
System (b) An Dut- of- balance current T giving as its
final result the difference I between the actual currents 1^ and I g
in two sides of the network.
System fc) An alternating current i due to the alternating
phase emf Sn„ sin u/n sine 9, flowing in series thru the balancer
network.
We will first assume the iron of the armature to be in its
final resultant state of working of the balancer with the out -of-bal-
ance current I flowing, and develop our equations under this assump-
tion in order that our results may not be invalidated by the assump-
tion of the separate current systems.
The middle point of the balancer will be first considered
to be unconnected to the neutral wire and assuming the above final
reactances, the values of 1^ and i for this state of the systems will
be calculated, and from these values the potentials of both the
neutral wire and the star point of the balancer found and the dif-
ference of these voltages calculated.
If the star point and the neutral wire are now connected
they will be at the same potential, and therefore the result of their
and
connection is to cause such a current to flow as will by its reactive,
resistance drops exactly counterbalance the above voltage difference.
This current is the out- of- balance current. Then the voltage dif-
ference of the star point of the balancer and the true electrical
neutral, as defined by half the difference of potential between the
positive and negative brushes, will be calculated. It can be readily
seen that if the voltage between the disconnected neutral wire and
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the balancer star point is not constant, the value of this out-of-
balance current will be fluctuating. That such is the case is shown
by the oscillographic record of Fig* 7. The relation between the
a -
Fig. 8.
maximum and minimum values of I and the alternating phase voltage
can be observed.
The following nomenclature will be adopted as shown by Figa
8 and 9. It will be observed that Fig. 9. is the electrical equiv-
alent of Fig. 8.
R. = resistance of the armature as measured between direct
a
current brushes. Then 4H = total resistance around armature.
a
n = number of slip rings connected to the armature.
R = resistance of each balancer limb winding from armature
tap point to the star point.
X-j. = reactance of the balancer limb winding connected to
ring I and defined as above.
X
n
= reactance of balancer limb winding connected to ring
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"Rn , En , In , Xn are respectively the resistance, induced emf,
current, and reactance of that particular armature division to which
n refers as shown in Fig. 9.
x = that fraction which represents the ratio of that part
of the armature winding between the negative brush a and tap point b,
or between positive brush c and tap point d, to that part covered by
180 electrical degrees.
I-x = fractional part between b and c, or a and d.
It follows that there is no emf impressed on the balancer
for the point where x m l/2, providing the axis of commutation co-
Fig. 9.
incides with the mechanical neutral as is usually the case in inter-
pole machines.
9 = the independent variable of the system represented by the
angle xir .
"R^ and 3g = effective resistance of the positive and neg-
ative sides of the network, including shunt and series field and
interpole 7/indings.
It can be stated that X3 = Z-^ and that X4 = Xg, both from
the nature of the windings, the amount of air path enclosed in the
circuit of magnetic induction, and the relatively high tooth den-

19.
sities at which direct current machines are worked. Also E^ = E^ and
E , = E where E = E, sin sin 9, altho as will be found di^. and
ac
di
d9
13£
may differ materially from one another.
An emf or current around the armature in a counter clock-
wise direction will be considered as positive. Current outward from
the armature will be also considered as positive. Similarly a pos-
itive rate of change is hereby fixed as meaning an increasing value
in those segments in which the dependent variable, to which the rate
Pig. 10.
of change refers, is positive.
Consider the neutral wire unconnected to the star point of
the balancer. Then the current distributions in the armature seg-
ments are similar as shown in Pig. 10. and is similar to the distri-
bution in a single phase rotary converter.
E
ng
= difference of voltage between the star point and the
neutral wire when the neutral wire is unconnected.
E = difference of notential between the star ooint and the
o
true neutral as defined as the potential half-v/ay between that of
the brushes.

I
g
i
I
I
>> o
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The value of the true instantaneous alternating current i
can "be found "by Kirchoff 1 s laws as follows:
- ib (H1+iW t BDC - i yi-M - x3 "2 . x8 aig .
- (2R=R a )i + EDC [cos /f(l-x) - cos nx] - Ib R&{l-2x)
-
x3 ^| - x2 «£ + (Xi + Xll) di .
i = -2EDa cos 9 - I fe Ra (l-2x) - Xg "5 Xg ^2 + (Ij+XjjI &
25 + Ha
Let 1. + H 2 - Ha + 5,
then i
T T 2sin9' ^dc
= (Hm + ^—i-rr) cos 9 - ( Rrp +l)Xgdi3 + (RT-l)x2di 2 + Rip(X T+X__)di11
"d^
RT (2R+Ra ) [l+Ra f 1+Sxf|
By its pulsations the alternating current i will cause the
"brush voltage to pulsate slightly due to ohmic resistance drops in the
armature. The frequency and the magnitude of this pulsation will de-
pend upon the number of "balancer phases, the pulsation period being n
times that of the frequency of the alternating voltage and the mag-
nitude inversely proportional to n. The reasons for this can be
readily seen since in the n phase balancer we have n different pul-
sation periods for the armature current. In this point the theory
corresponds with that of the ordinary converter and the appearance
of even harmonics in the direct voltage is explained for the case of
n being equal.
The advisability of considering di3 and dl 4 separately may
~d"Q~ "d"3~~
be questioned. However, their rates of change are necessarily dif-
ferent since it has been shown that I Q itself pulsates.
The point where Ens is a maximum is somewhere near where
x = i/e since the wave of current i is approximately 90° out of phase

r/i/oo of Cu.rr <z n ~t Jfn t. h<z ct r rr> a-t ure.
CTS $/?OnSr? £y a sci //og t~af> ft .
Z
±
* O
,
Ix = /t>~— <Oo/n^>/ete LLnba fane e
oj- top Co// cosr?m u/'at fc^n.
U. OF f. S. S. FORM 3
*<2
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with the induced voltage across the collector rings. This is clearly
shown in a study of the relative relations of 1^ and i in the above
equations and "by Pig. 11 which illustrates the time relation between
the eraf. impressed on the terminals of an iron-cored coil and the
current thru the coil windings.
A combination of the current and voltage waves shown in
Pigs. 11, 12 and 13 would show more accurately the relation of the
variation of I to the alternating current system i and its inductive
o
-
effects. The current maxima for the equivalent sine waves are ninety
degrees out of phase with the maxima for I since they are 90° out of
phase with the alternating slip ring voltage maxima. This further
corroborates the formula as expressed.
The potential of the star point of the balancer is, with
the neutral unconnected, always half-way between the potentials of
the brushes a and c since with the neutral wire unconnected i* = i-, .
The relation between the voltage of the middle wire and this voltage
offers slight complication. Since the mean of the brush potentials
may be considered as the potential of the star point of the balancer
the potential difference E = T b ( 51"H 2) " sl * s2 Eh or con.
sidering the positive side of the network to have the lower resist-
ance, the value of the potential of the neutral wire is above that
of the balancer star point. T'->e result of the connection of the neu-
tral wire to the star point is to cause to arise in the network a cur-
rent system I which will, around all the interconnected circuits,
exactly consume this voltage difference Ens. In the single phase case
there are four meshes around which this voltasre acts. Vie will call
the currents set up in the four meshes ijTj im, in, il2, i-13, il4<
These currents are evidently varying since the values of resistance
and reactance in the mesh circuits vary with the armature rotation,
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and they will, therefore
, have a reactive effect in the windings.
These currents cannot affect the values already determined
for 1^ and i since at the outset the final iron reactances were
assumed. It does not follow that the terminal voltage is unaffected,
since part of the voltage difference Sns must be expended over the
outside circuit and the regulation is somewhat worse.
Since the resistance and reactance of these mesh circuits
vary, the division of I in the limbs of the balancer or at the point
of passage into the armature is not necessarily a simple matter.
This is shown by the records of Figs. 11 and 12 which were obtained
by means of resistances inserted on either side of tap point. (For
further information on this point, see 0. J. Ferguson, Electrical
^orld, December, 1914.
)
If the balancer coils are wound on the same limb, their
current waves will be approximately similar, but in the case of three
single phase transformers feeding a converter with the neutral wire
connected to their star point, this is not exactly true.
The calculation of E is the next step. This can be read-
ily done by calculating the potential differences between the brushes
and the star point of the balancer and taking half of their differ-
ence.
The potential E between the positive brush a and the
s a —
balancer star point by Kirchoff ' s laws is
Esa
-Rili
1
* i) 1 - Z
z
Mi + E 2 -X E (^2 + ^IZ) - + i + ^ )
n de d9 d9 IT o
23
a d-*>] (1).
8
and the corresponding potential difference
Esc = [+ ( i t t - 1)1 + XndilII + E 2 - X2 ( di4 " di14)^ I b + " T 14
-js ^ — "2
2Ra (l-x]j (2).
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Subtracting f 2) from (1):
E
sa
- 3so - flu + ImlH - Xj^U - Xn 4*111 - X3 .
fi 12
+ i
14 )
2
^a
Sine di II = di • dim and di I = di + diH
~M~ "d"9~ 3F~ "d~e~ "d~§ o!5
Now usually X-^ = Xjj and since Lj and I are usually on
the same core, their rates of variation must be practically the same
for any arrangement for neutralization of direct current magnetiz-
ation.
.
*
. we have
-E = + I | * X ^11 - Xn dilIT + X3 ( di 12 + di 14) + (i + i14 ;
Ha fl-x)
2
The summation of the emf ' s induced by the out-of-balance
currents around the armature periphery must equal zero, since the emf
gained in one armature segment by connecting the star point and the
neutral wire is lost in the other.
It therefore follows that:
2Ra(l-x)(i 12 + i 14 ) - 2Ha x (iU + 113) + X4 ^i^i 4- jo *il2 +
*3 ££13 + =0. Also in + i12 + i13 + i14 = I
d9 d9
Substituting values for i^g and i in the expression for
EQ and simplifying give
E
q
= I P/2 - Xn
diH + X1IX ^111 + x4 f
dl
14 ^ di 12 ) t
*1 (liil + ^i?) + I Ra x(l-x)
"2~ d9 d9
Calling X-^ the reactance per radian of armature periphery
x4 = XL /r fl-y) and X-^ = X^ ir x. and the final expression for Eq
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is
:
E
o =
X
o
R + Ha x(l-x)
3
- Xn + 7ln di 1IT + xL [nrxf 1-xTj
d^ T~2 d§~
di
d3
14 + di12 + di ll + di 13
d§ 13" ~S5
In order to have a working equation, some further simpli-
fication must be affected. All currents outward from the armature
are positive, and 7 T fi11 and X TT
di lII are approximately the same,
being different only to that point which corresponds to the relative
reaction between them. The case is analogous to the more familiar
one of a three phase transformer bank with the primaries connected
in star and the secondaries in delta. A hie:h value of triple har-
monic voltage is generated in the secondarywhen the delta circuit is
open, but on closing the delta the current which flows serves to
reduce the induced triple voltsge harmonic.
Thus, we have ijj =
^ITT
=
^11 + ^14 ~ ^12 + ^12 ^prox-
imately, since the direct current magnetization is neutralized.
However, the summation f di 14 + di 12 + di ll + di13 cannot
d§ d~3 "d~§ 3?
be zero continuously since such assumption would involve the con-
stancy of I which does not agree with the oscillographic records.
There fore
:
R + 2Pa xfl-x) + XL [7r x(l-x)| ^io
The result is easily extended to the case of n rings. The
total armature resistance per ring is evidently 4"^a and the armature
n
reactance 2irXl per ring. These are evidently so many parallel paths
n
linked together so that the extension to the case of n rin#s gives:
= I,
n
R + 4Ra
n
:f 1-x) | '+ | 27rXL xfl-x)
~
,2n'
dl,
d9
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This states that the value of EQ is dependent on the rate
of variation of I Q . This is borne out by experience. It must be
remembered, however, that the rate of variation of I is not dependent
o
solely upon the reactance of the armature circuits but also upon the
reactance of the balancer and external circuits. The impedance of the
armature is but a small percentage of the total impedance and the
variation of I is small.
The point of maximum E depends on the relation between
4Ra I and trXL or the ratio of the armature impedance as compared
cte"
with the impedance of the total circuit to the armature resistance^
since EQ can be written as Eg = Iq"R + ^(1-4)
The average of the expression x(l-x) from x = to x - 1
gives 1^6 so that neglecting reactive compenents, the average
B +
2V
n 3n
Since the appearance of I would indicate that its fluc-
tuating component was a circular function its average value as well
as the average value of the fluctuating component of E would be zero
in the interval 9 = p (T to 9 = (p + 2) n and an average voltmeter would
not indicate this difference. Its effective value could, however, be
measured. This is borne out by experience.
Oscillographic readings indicate that the rate of varia-
tion of I is zero (see Pigs. IS and 13) at the points of commutation
of the tap coil, so that its rate of variation would be greatest some-
where near the time when x = 1/2 and therefore at this point we would
have the worst value of E . Furthermore the function xfl-x) has its
maximum value at the point x = l/ 2 and it is, therefore, likely that
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at this point we would have the worst value of E . Whether this is
the case or not depends, as was said before, on relative impedance
values and the ratio of the rate of change of I to the total value
of I .
o
la the rate of change of T Q is low with respect to its
total value, since the fluctuation is slight, it would be reasonable
to suppose that the total effect of the inclusion of this term is
slight since the frequency is low. Such is probably the case, but
experimental proof by direct measurement of this was impossible with
the instruments at hand due to the relative value of the various
terms.
This discussion would seem not only to coincide with
Fergusons work (see Bibliography) in the matter of I being depend-
ent on the resistance and reactance of the armature, and offers a
chance for a further development of the relation of the armature
components of current from the detailed analysis of the phenomena in
the armature and a final simple expression for I in terms of the
circuit and generator constants.
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Chapter V.
COMPARISON OP RESULTS AND CONCLUSIONS.
Several expressions for the value of E have been develop-
ed, notably those of Pengel and Hawkins which involve more or less
approximation. °engel averages the armature resistance and by
neglecting self induced components arrives at the conclusion E =
na • 1 tt> -n*' --a
volts. He, however, assumes a simple division
f* C 'TS 3n
of the current in the armature and the balance coils which as has
been shown is not necessarily true. Furthermore, in averaging the
value of I should be averaged at the same time since it pulsates
with the rotation of the armature.
Hawkins takes into account the unequal division of current
but chooses to assume a value as expressed by the worst condition in
the machine and to neglect inductive effects at the point x = l/z
where they are obviously the worst at any time, since, as indicated
by the oscillographic diagrams of Figs. 12 and IS the rate of var-
iation of I is then a maximum.
The value for E obtained is, however, E = £^(R + na )
n "5 —
volts as compared with E - I CR+£/3 R a ) volts,
IT ~TT
Prom an examination of any one of these three values,
certain conclusions can be drawn.
I. The voltage difference EQ is (neglecting reactive com-
ponents due to variation of I ) a linear function of I and produces
a linear undercompounding of the system as stated in Chapter II.
II. A balancer system of more than two rings is unnecessary.
Justification of this statement involves some comparison
of the three expressions for E Q . The value of the expression herein
developed as compared with the others lies not only in its probable
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accuracy, but also in the ease with which the effect of the reactive
components on I Q and E is shown by it.
The calculation of the values of the voltage difference E
for the three expressions would involve some difficulty but propor-
tional values can be readily obtained considering I as a constant
and equal to unity, since it appears in the same manner in all three
expressions.
These expressions can be written as follows:
Sengel: • E * I.
o
Hawkins:
>
T Q
and I.
R + (1 + 1 ) RJ volts,
n 12 3n2
3 + Ra
n 2n_j
5 + 2R
n a
volts,
volts.
The value of the ratio 2 is practically independent of the
number of rings, providing the current density at which the balancer
copper is worked, is constant and that the degree of unbalance for
which they are designed is constant. Thus if values are assigned to
H and Ra , and values of E calculated for different values of n, the
relative effect of varying n for each of the three equations can be
seen.
In actual practice some such values as 23 = 3a for a single
phase (two ring) balancer are approximately true. Since this is the
case, we can consider that Ra = ^2 = unity for this comparison.
n
The following values would then be proportional to the
potential difference EQ with R/n 35 constant = .5.
H sengel Hawkins ?/n +2/3
2 0.667 0.75000 .6667
3 0.62037 0.66667 .57407
4 0.60417 0.6250 .54167
*a
n2

03C
'7°
0.6C
6{9ytnptat<z - Cccrws ZZ ST
C30
Curve,? shawmy r/a t/or? of- £?o u/tth si*/
-Zo = Co rrs tr.
Curve XT. £o= I E R/suy r- — J-Jau/K/m
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n c enp:el Hawkins p/n x 2/3 ^5
n^
6 0.59258 0.58333 .5185
0.58333 0.50000 .50
The accompanying curves, Fig. 14., show that these values,
considering n as the independent variable, are asymptotic to certain
lines which they rapidly approach.
Hence, the conclusion can be readily drawn that in any
system where the amount of unbalance is not large the voltage drops
are insufficient to warrant the use of more than two slip rings and
that in any case the curves are sufficiently flat at n eouals four
to not warrant any increased complication. It will be observed that
the values obtained from the expression herein developed approach the
asymptote more rapidly than either of the other two.
As heretofore explained, there is also liability to trouble
when n equals three, four, or six from inability to divide the arm-
ature windings equally. This also serves to justify the use of the
two ring balancer. It would seem therefore that the use of the single
3hase static balancer is economically and practically justified, since
the relative magnitude of the alternating current i is such that the
bap coil heating and the pulsating armature reaction due thereto are
:o no extent disagreeable factors and this conclusion is seemingly
ipproved by present practice.
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